In a recent paper of the first author and I. M. Isaacs it was shown that if m = m(G) is the maximal order of an abelian subgroup of the finite group G, then |G| divides m! ([AI18, Thm. 5.2]). The purpose of this brief note is to improve on the m! bound (see Theorem 2.1 below). We shall then take up the task of determining when the (implicit) inequality of our theorem becomes an equality. Despite, perhaps, first appearances this determination is not trivial. To accomplish it we shall establish a result (Theorem 2.3) of independent interest and we shall then see that Theorems 2.1 and 2.3 combine to further strengthen Theorem 2.1 (see Theorem 3.5).
I n t ro d u c t i o n
In a recent paper of the first author and I. M. Isaacs it was shown that if m = m(G) is the maximal order of an abelian subgroup of the finite group G, then |G| divides m! ([AI18, Thm. 5.2]). The purpose of this brief note is to improve on the m! bound (see Theorem 2.1 below). We shall then take up the task of determining when the (implicit) inequality of our theorem becomes an equality. Despite, perhaps, first appearances this determination is not trivial. To accomplish it we shall establish a result (Theorem 2.3) of independent interest and we shall then see that Theorems 2.1 and 2.3 combine to further strengthen Theorem 2.1 (see Theorem 3.5).
T h e o r e m s 2 . 1 a n d 2 . 3
Theorem 2.1. For each positive integer n, define g(n) to be the product of all prime powers at most n. Let G be a finite group and suppose that |A| m for every abelian subgroup A of G. Then |G| divides g(m).
For the proof we shall require an auxiliary lemma and we present that first. We remark that the lemma is a direct consequence of a classic result due to Burnside [Bur13] which asserts that if P has order p n , Z(P ) has order p c and p v is the maximal order of a normal abelian subgroup of P , then n − v 1/2(v − c)(v + c − 1) upon taking c = 1. Nevertheless, we choose to present our own proof.
Lemma 2.2. If G is a p-group of order p k and A is a maximal abelian normal subgroup of G, where |A| = p s , then k s(s + 1)/2.
Proof. We assume familiarity with the following well-known theorem of Hall:
If G is finite and can be generated by r elements then |Aut(G)| divides |Φ(G)| r |Aut(G/ Φ(G))| .
As a consequence of this theorem of Hall and Burnside's Basis Theorem, if G is a p-group of order p k and
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Thus a Sylow p-subgroup of Aut(G) has order at most
To prove the claim, it suffices to prove that |G : A| p s(s−1)/2 . Since G is nilpotent, every maximal abelian normal subgroup of G is self-centralising (cf. [Isa08, Lemma 4.16]). In particular, the N/C Theorem shows that |G : A| divides the p-part of |Aut(A)|, which is at most p s(s−1)/2 by (2.1).
Proof of Theorem 2.1. It will suffice to prove that |P | divides g(m) for each Sylow subgroup P of G. Fix P and let A be a maximal abelian normal subgroup of P . Suppose
where g(|A|) divides g(m) since |A| m. Thus |P | divides g(m), as wanted.
Theorem 2.3. Let G be a finite group and suppose that m is the maximal order of an abelian subgroup of G. Suppose that |G| is divisible by a prime p > m/2. Then one of the following holds:
(1) G = P C where |P | = p and C acts faithfully on P (and so is non-trivial cyclic of order dividing p − 1);
(2) G ∼ = S 3 with p = 2 or 3;
(3) G contains F(AΓL 1 (2 a )) where p = 2 a − 1 is a Mersenne prime; or (4) G is almost simple.
Proof. Let P be a Sylow p-subgroup of G. Note that P has order p and is self-centralising. Let N be a minimal normal subgroup of G. If p does not divide |N |, then P acts fixed point freely on N and so N is nilpotent (by Thompson's thesis that Frobenius kernels are nilpotent) and |N | > p. Thus, N is self-centralising and so N = F(G) = F * (G). Suppose that N is elementary abelian of order r a for some prime r = p. If a = 1 then p divides r − 1 and p > r/2 and so p = r − 1, whence r = 3 and p = r − 1 = 2. Therefore, G ∼ = S 3 and we are in case (2). Now assume that a 2. Since p > r a /2, this implies that p = r a − 1, whence r = 2 and p is a Mersenne prime. Thus, G = N H where H is a subgroup of GL a (2) containing a Singer cycle (i.e. an element of order 2 a − 1). Note that since 2 a − 1 is prime, this implies that a is prime. By [Kan80] , this implies, in turn, that either H = GL a (2) or that G AΓL 1 (2 a ). The last case is allowed. Notice, here, that if G AΓL 1 (2 a ) then also G N = F(AΓL 1 (2 a )). If a = 2, then S 4 ∼ = AΓL 1 (2 2 ) and G = A 4 or S 4 and the result follows. If a = 3, then either G AΓL 1 (2 3 ) , or G = AGL 3 (2). We discount the latter possibility by noting that |AGL 3 (2)| = 2 6 .3.7, while m(AGL 3 (2)) = 16.
So assume that a > 3. Note that GL a (2) contains an abelian subgroup of order 2 (a 2 −1)/4 . This is greater than 2p for a 5 and so only (3) occurs in this case. Now suppose that p divides |N |. If N is a p-group, then (1) holds. Otherwise N must be a non-abelian simple group and C G (N ) = 1. Thus, G is almost simple with socle N . Now we check that the groups in cases (1), (2), and (3) have a unique prime divisor of order greater than m/2. Thus we have:
Corollary 2.4. Let G be a finite group and suppose that m is the maximal order of an abelian subgroup of G. Suppose that |G| is divisible by primes p, q with p > q > m/2. Then either m = p = 3 and G ∼ = S 3 or G is almost simple.
We shall later see (in Theorem 3.2 and Corollary 3.3) that, in fact, there are no genuine almost simple groups satisfying the conclusion of Corollary 2.4 and so the only such groups are S 3 and certain simple non-abelian groups.
L a rg e p r i m e s o f a l m o s t s i m p l e g ro u p s
We now attempt to classify the simple groups G whose order is divisible by one or two "large" primes p, q (i.e. such that m/2 < p < q), and we begin with the sporadic simple groups. For those sporadic groups whose order is relatively small, we can compute m(G) explicitly using GAP [GAP18] . When that is either time-consuming or just impossible without resorting to theoretical arguments, we are content to provide a lower bound for m(G) by using Lemma 2.2 in the form if w is the smallest positive integer such that 1 + . . . + w a, then a group of order r a , r a prime, has an abelian (normal) subgroup of order at least r w and considering the maximum w over all primes involved in the factorisation of |G|. This only fails to provide a sufficient lower bound for m(G) when G ∼ = Ly. For that group we consult [CCN+85, p. 174] and find that it has a maximal subgroup of shape 3 5 :(2 × M 11 ), whence m(Ly) 3 5 .
Our findings, which are summarised in 3.1. Alternating case. We consider alternating groups first. Let n = 3k + r, 0 r 2. Clearly, A n has an abelian subgroup of order 3
3 . If we denote by p the largest prime divisor of |A n |, then p n. A straightforward induction on n shows that 3 n−2 3 > 2n for all n 11, thus m(A n ) > 2p for all n in that range. For 5 n 10, we find 2p = 10 for A 5 and A 6 , while 2p = 14 for n > 6. On the other hand, m(A 5 ) = 5, m(A 7 ) = 12, and m(A 8 ) = 16 whence A 5 is the only alternating group with two large prime divisors, while A 6 and A 7 have a single large prime divisor.
3.2. Linear case. Next in line are the classical groups and we begin with the linear case. For n 4 we have m(PSL n (q)) = q n 2 4 . We recall that n + 1, thus
Therefore, it suffices to consider the cases arising from n ∈ {2, 3, 4}. The case n = 4 can be dispensed with quickly. For 1 + q + q 2 + q 3 = (q 2 + 1)(q + 1), thus the largest prime divisor of |PSL 4 (q)| cannot exceed 1 + q + q 2 =
Moreover, m(PSL 3 (q)) = q 2 + q + 1 if gcd(3, q − 1) = 1 and q 2 otherwise.
Suppose first that gcd(3, q − 1) = 1. If q 2 + q + 1 is a prime, then m = q 2 + q + 1 is the largest prime divisor of the order. In that case, the second largest prime divisor is at most q + 1 <
. If, on the other hand, q 2 + q + 1 is not a prime, then the largest prime divisor of the order is at most max
. So there are never two large prime divisors and there is a single large prime divisor precisely when
Now suppose that gcd(3, q − 1) = 3. Then 3 | q 2 + q + 1 so q 2 + q + 1 is not a prime. Thus the largest prime divisor is at most max
, since q > 2, whence
, again since q > 2.
We thus see that the only possibility for PSL 3 (q) to have a large prime divisor is when q 2 + q + 1 is a prime number. When that is the case, q 2 + q + 1 = m is in fact the only large prime.
Finally, we address the n = 2 case. The arguments are similar, so we omit the details. The only possibilities for PSL 2 (q) to have at least one large prime divisor for its order is when q is an odd prime, or q+1 2 is a prime but q is not (q odd), or when q is even and q + 1 is a Fermat prime. Further, it is only possible that PSL 2 (q) has a second large prime divisor for its order if q = p is a prime such that p+1 2
is also a prime.
3.3. Unitary case. For unitary groups we need not consider the case n = 2 as PSU 2 (q) ∼ = PSL 2 (q). Suppose first that n 5. We know that m(PSU n (q)) q n 2 4
and we have already argued that n 2 4 n + 1 for n in that range. From the formula
we see that the largest prime divisor of the order is at most
, if n is even, and at most
if n is odd, thus at most
and no large prime divisor occurs if n 5. If n = 4 then m(PSU 4 (q)) q 4 , while the largest prime divisor of |PSU 4 (q)| is at most q 2 − q + 1. Clearly, q 4 2 > q 2 − q + 1, thus we need only consider the case n = 3.
For n = 3 note that
so the largest prime divisor is at most q 2 − q + 1. On the other hand, m(PSU 3 (q)) q 2 and we may, of course, assume that q > 2. Now if q 2 − q + 1 = p is a prime, then m 2 < p, but the second largest prime divisor of the order then cannot exceed q + 1 < . If, however, q 2 − q + 1 is not a prime, then the largest prime divisor is at most max
, q + 1 (since q 2 − q + 1 is odd), which is easily seen to be less than
In conclusion, the only unitary groups with at least one (and thus exactly one) large prime divisor for their order are PSU 3 (q), where q is such that q 2 − q + 1 is a prime number.
3.4. Symplectic case. Symplectic groups can be dealt with quickly. For one, the maximal abelian order of PSp 2n (q) admits a lower bound which does not involve the floor function, thus resulting in less cases requiring consideration. As we are about to see, no symplectic group (which is not linear) has a large prime divisor for its order. For n = 1 we have PSp 2 (q) = PSL 2 (q), thus we restrict to n 2. For n = q = 2 we have the exceptional isomorphism PSp 4 (2) ∼ = S 6 and m(S 6 ) = 9, so |S 6 | has a single large prime divisor. Thus if n = 2 we require q > 2. Now recall that
It readily follows that the largest prime divisor of |PSp 2n (q)| is at most q n + 1. Note that q n + 1 can, in fact, be a prime if n is a power of 2 and q n + 1 is a Fermat prime. However, for all n 2 we have m(PSp 2n (q)) q n(n+1) 2 with equality if n 3 (for n = 2 the inequality may be strict). It is now trivial to verify that
since the only case where that inequality may fail, i.e. n = 2, requires q = 2.
3.5. Orthogonal case. Finally, we treat orthogonal groups and we address the odddimension case first. Recall that
where n 3. Clearly, the size of the largest prime divisor of the order is at most q n + 1, whereas m(O 2n+1 (q)) q n(n−1) 2 +1 and it is easy to see that m/2 > q n + 1 always.
In even dimensions of plus-type we have
whence q n − 1 < q n + 1 is again an upper bound for the largest prime divisor. Again,
and it follows that m/2 > q n + 1 as before.
In even dimensions of minus-type we have
Once more q n + 1 is an upper bound for the largest prime, but this time
equality is possible if q is odd. However, it is readily seen that (n − 1)(n − 2) 2 + 2 n + 1 for all n 4, whence
Thus the orthogonal case contributes no additional groups.
3.6. Exceptional groups. Exceptional groups of Lie type are rather easy to deal with, since we can obtain exact estimates for the size of the largest prime divisor of the order (that is, the expressions involve only the size of the field).
Let us begin with G 2 (q). We have
thus the largest prime divisor of the order is at most q 2 + q + 1. Now m(G 2 (q)) is at least either q 4 or q 3 depending as the characteristic of the field is 3 or not. We can assume that q > 2, as G 2 (2) is not simple; in fact, G 2 (2) ∼ = Aut (PSU 3 (3) ) is almost simple and m(G 2 (2)) = 16, while |G 2 (2)| = 2 6 .3
for q 3 and we see that groups of type G 2 (q) have no large prime divisors. Similarly for the small Ree groups 2 G 2 (q), where q is an odd power of 3, we see that the largest prime divisor is at most 1 2
Next, for groups of type F 4 (q) we have
thus the largest prime divisor of |F 4 (q)| is at most q 4 +1. On the other hand, m(F 4 (q)) q 9 in all cases and we see that m 2 > q 4 + 1 for all prime powers q.
As for the large Ree groups 2 F 4 (q), where q is an odd power of 2, their factorised order is
and we see that q 4 − q 2 + 1 is an upper bound for the size of the largest prime divisor of the order, while m( 2 F 4 (q)) q 5 > 2(q 4 − q 2 + 1).
As for the groups E 6 (q), E 7 (q), and E 8 (q) the largest prime divisors for their orders are, respectively, at most q 6 + q 3 + 1,
, and q 8 + q 7 − q 5 − q 4 − q 3 + q + 1. On the other hand, m(E 6 (q)) q 16 , m(E 7 (q)) q 27 , and m(E 8 (q)) q 36 . For the groups 2 E 6 (q) we find that m( 2 E 6 (q)) q 12 , while the largest prime divisor is at most q 6 − q 3 + 1. It is clear that these families contribute no additional groups with at least one large prime divisor.
Next, we consider the groups 3 D 4 (q). Their (factorised) order is
We see that the largest prime divisor is at most q 4 − q 2 + 1, while
The only case left is the Suzuki groups 2 B 2 (q), where q = 2 2n+1 and n 1. Notice that 2 B 2 (q) = q 2 (q 2 + 1)(q − 1) = q 2 (q − 1)(q + 2q + 1)(q − 2q + 1) , thus the largest prime divisor is at most q + √ 2q + 1. If this number is not prime, then the largest prime divisor has order less than q.
We claim that m( 2 B 2 (q)) = 2q. Let A be a maximal abelian subgroup. Then the centraliser of an involution is a Sylow 2-subgroup and so either A is a 2-group or has odd order. Since every odd Sylow subgroup is cyclic, any odd order abelian subgroup is cyclic and since we know all subgroups, we see that the maximal order of an element is q + √ 2q + 1. Since the centre of a Sylow 2-subgroup is elementary abelian of order q, there certainly are abelian subgroups of order 2q. We note that the centre of a Sylow 2-subgroup has index 2 in the centraliser of any element of order 4 (there is a unique conjugacy class of subgroups of order 4 and this can be seen already in Sp 4 (q)-see [LS12] ). This proves the claim.
Thus, we see that there exists a prime divisor p > m/2 if and only if q + √ 2q + 1 is prime and in that case there is only 1.
We are now able to summarise our findings as follows. In the first result we only list the non-abelian simple groups with one prime divisor. There are examples of almost simple groups as well (but the socle must have at least one large prime divisor and indeed exactly one by the results below). For example if p 5 is prime, then m(PGL 2 (p)) = p + 1.
Theorem 3.1. Suppose that G is a non-abelian finite simple group with exactly one prime divisor p > m(G)/2. Then one of the following holds: is also a prime.
At this point we need to address the "pure" almost simple case and we do this next.
Corollary 3.3. Suppose that S G Aut(S), where S is a non-abelian finite simple group and that p, q are primes dividing |G| with q > p > m(G)/2. Then G ∼ = S and thus G is one of the groups in Theorem 3.2.
Proof. In the proof of Theorem 2.3 we saw that p, q must, in fact, divide |S|, since S = Soc(G). Thus S is necessarily one of the groups in Theorem 3.2. Now J 1 has no outer automorphisms, so if S = J 1 then G = J 1 , while S 5 ∼ = Aut(A 5 ) and m(S 5 ) = 6 but 5 is the only large prime dividing |S 5 |. Thus if S = A 5 then G = A 5 . As for J 3 , we have Aut(J 3 ) ∼ = J 3 .2 and we find-using GAP again-that m(Aut(J 3 )) = 34 whence Aut(J 3 ) has only one large prime divisor for its order. Thus if S = J 3 then G = J 3 .
Therefore, it suffices to argue the case S = PSL 2 (p) with p > 5 a prime such that p+1 2 is also a prime. Since p is prime, we have Aut(PSL 2 (p)) ∼ = PGL 2 (p), while m(PGL 2 (p)) = p + 1 whence p is the unique prime divisor of |PGL 2 (p)| which is strictly larger than the prime . In that case too, therefore, it follows that if S = PSL 2 (p) then G = PSL 2 (p).
We are now ready to argue the case of equality in Theorem 2.1. Recall that g(n) is defined as the product of all prime powers at most n.
